The surface of superconducting topological insulators (STIs) has been recognized as an effective p ± ip superconductivity platform for realizing elusive Majorana fermions. Chiral Majorana modes (CMMs), which are different from Majorana bound states localized at points, can be achieved readily in experiments by depositing a ferromagnetic overlayer on top of the STI surface. Here we simulate this heterostructure by employing a realistic tight-binding model and show that the CMM appears on the edge of the ferromagnetic islands only after the superconducting gap is inverted by the exchange coupling between the ferromagnet and the STI. In addition, multiple The search for elusive Majorana fermions in condensed matter systems has been under intense study for potential applications of Majorana bound states (MBSs) with exotic braiding properties in fault-tolerant topological computations [1, 2] . Despite strong experimental evidence of MBSs in nanowires and atomic chains, stringent requirements on experimental conditions hinder a conclusive identification of MBSs in these quasi-1D systems [3] [4] [5] [6] [7] [8] [9] . On the other hand, the interplay of topological insulators (TIs) and superconductivity creates intriguing circumstances where an effective time-reversal symmetric p ± ip superconductivity can naturally emerge as a consequence of the spin-momentum-locking of topological surface quasiparticles. Many materials exhibiting both nontrivial band topology and superconductivity have been experimentally discovered and synthesized [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Surface p ± ip superconductivity can be straightforwardly tested in those compounds, enabling a solid-state environment to realize the Kitaev picture of Majorana fermions. If one further breaks the time reversal symmetry in these systems, MBSs can be found at the boundaries and defects of the surface exhibiting topological superconductivity. Significant experimental progress [28, 29] has revealed the potential existence of two distinct MBSs; a zero-energy MBS localized on the end of the vortex, and a CMM with linear energy dispersion at the edge, the two of which are entirely different entities. Although the existence of CMMs has been claimed in superconducting Chern insulator films [29] , studies of CMMs are rare in the literature [30] [31] [32] . Here, we propose a different approach for realizing CMMs by depositing a ferromagnetic layer (FI) on top of a STI surface. We find that CMMs can be visualized at the edge of the ferromagnetic islands if the magnetic exchange coupling with the underlying TI surface is properly tuned. The chirality of the CMMs depends on the magnetization direction of the ferromagnetic domains. The integration of multiple ferromagnetic islands on a single surface allows a convenient and accessible platform for probing the rich physics arising from interactions between CMMs.
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To reveal the topology of the STI surface, we first focus on the low-energy BdG Hamiltonian of a Dirac cone surface with s-wave superconductivitŷ
where ∆ is the superconducting order parameter, ν is the Fermi velocity of the surface cone,
The quadratic Hamiltonian can be rewritten in an economical matter h(k) = ∆σ z ⊗ τ 0 + νk x σ x ⊗ τ 0 + νk y σ y ⊗ τ z . Each block preserves its own particle-hole symmetry with the symmetry operator C = ∓σ x K, where K is the complex conjugate operator; hence, the first (second) block is an effective p ± ip superconducting Hamiltonian. From comparison with physical p + ip superconductivity, the off-diagonal terms stem from the surface Dirac cone, instead of the p-wave superconductor order parameter. Furthermore, these two blocks are time-reversal partners connected by the time-reversal symmetry operator T = iσ z τ y K.
Although the superconducting surface possesses non-trivial topology [33] , gapless bound states are absent since the surface of the bulk has no boundary. In addition, in order to observe CMMs at the boundary of this 2D superconductor, one has to break the time reversal symmetry. Instead of applying an external magnetic field as proposed by Fu and Kane [34, 35] , we adopt a different approach by introducing a ferromagnetic insulator layer coupled to the STI surface as schematically shown in Fig. 1(a) . The FI generates the Zeeman field and we specifically choose the splitting to be along the z direction M z σ z ⊗ τ z in the new basis. Consider M z > ∆ > 0 as x > 0 and M z = 0, ∆ > 0 as x < 0 so that the ill-defined k x momentum leads to k x → −i∂/∂x. By solving the eigenvalue problem of h(k) + M z σ z ⊗ τ z , the chiral Majorana state
is localized at x = 0 with linear dispersion −νk y . Hence, the boundary of the FI can host a CMM. This proposed structure can be readily fabricated by modern molecular beam epitaxy technique. Here, we study the time-reversal breaking effect of a FI on the STI surface by using a tight-binding description of the system.
In order to show the existence of the CMM as predicted by the low energy model, we introduce in the tight-binding model a FI layer on the top of a STI. The BdG Hamiltonian can be written asĤ
where c(k x , k y ) = cos ak x + cos ak y , by choosing the lattice constant a = 3Å, the location label z ∈ Z·3Å, and the thickness of the TI L TI = 90Å. The Hamiltonian is expressed in the Nambu basis of fermion annihilation and creation operators Π = (
where τ α , σ β , and s γ describe particle-hole, orbital, and spin degrees of freedom respectively.
The FIĤ FI is simply described by the Zeeman effect only along the z direction and M z = 50 meV is a reasonable estimation for the Zeeman splitting at the Dirac point of TI surface states [36] [37] [38] . The presence of the couplingĤ T between the FI and the surface of the STI is the main difference between the tight-binding model and the low-energy model. Due to the experimental realization of STI in Bi 2 Se 3 [40] , the parameters used in the STI Hamiltonian H TISC are mainly based on its properties [41] ; in units of eV: bulk gap M = 0.28, chemical potential µ = 0.05, A 1 = 2.2/a, A 2 = 4.1/a, B 1 = 10/a 2 , B 2 = 56.5/a 2 (unless specified otherwise). The band structure of this topological insulator is shown in Fig. 1(b) . We first intentionally choose the superconducting order parameter to be ∆ = 20 meV, which is comparable to the TI parameters; a more realistic value for ∆ will be considered later.
In the following, we compute several lowest energy states and projected edge spectrum of the FI to determine if the interface between the STI and the FI can be a platform for the non-trivial topology.
We first examine the topological phase transition at the boundless FI/STI interface by varying the coupling T between the FI overlayer and the STI surface. When the coupling is zero (T = 0), the spectrum in Fig. 2(a) clearly shows a 50 meV ferromagnetic gap in the FI layer and a 20 meV superconducting gap, which gaps out the surface Dirac surface cone.
As the coupling T grows, the surface gap becomes smaller. At T = 0.122 eV, as shown in Now, we consider more realistic situations. We first adjust the chemical potential to be 0.35 eV greater than the bulk gap of the TI, since the TI is expected to be metallic in order for superconductivity to be induced. In some TI/SC heterostructures, the Fermi level was also found to be in the bulk band energy region [25, 28] . However, there is generally no such constraint on systems with proximity-induced superconductivity [39] . As the coupling T increases from 0, the situation is more complicated than simply crossing a gap-closing point. Since there are multiple band touchings which persist for moderate values of T , as shown in Fig. 3(a) , it is difficult to determine the change of the topology after the transition.
Fortunately, at large T , the interface can still be gapped, and hosts two CMMs at the edges, see Fig. 3(b) . Therefore, the interface is still in a topologically non-trivial phase. Since two
CMMs are equivalent to a single chiral electron mode, the interface becomes an effective
Chern insulator [17] .
We now consider a more realistic value for the superconducting order parameter, ∆ = 3 meV, and further adjust the chemical potential µ = 0.01 eV to be close to the surface Dirac point. As the decay length of the Majorana wavefunctions dramatically increase due to the small order parameter, the CMMs on the two opposite edges overlap in real space, hybridize, and are gapped in energy for a FI ribbon with a width of 100a. The hybridization gap exhibits exponential decay with an oscillation as the width (L) of the FI ribbon increases, as shown in Fig. 3(c) . Although the oscillation is not expected in the low-energy model (3), the behavior of hybridization gap depends on the details of the system [8, 39] . In order to have gapless which can be reasonably acheived in experiment. The projected edge spectrum ( Fig. 3(d)) shows a 0.043meV gap, which is relatively small compared to the superconducting gap 3 meV. On the other hand, the out-of-plane magnetization is the crucial ingredient for the realization of Majorana modes, as a Zeeman effect along the normal direction of the TI surface is required to open a gap at the Dirac point of the topological surface states.
However, the magnetization favors the in-plane direction in some FI films [42] ; in order to circumvent this problem, a weak magnetic field can be applied in the z direction and generate a nonzero out-of-plane component in the magnetization. We consider two Zeemaneffect directions M x = M z = 0.05/ √ 2 eV and M y = M z = 0.05/ √ 2 eV, both of which include in-plane and out-of-plane components. Fortunately, the presence of the in-plane does not destroy the CMMs. As shown in Fig. 3(e,f) , the x component of the magnetic field (parallel to the ribbon edge) does not alter the spectrum, and in y (perpendicular to the ribbon edge), only the energy dispersion of the in-gap states changes, while the CMM remains intact.
DISCUSSIONS
In TI/superconductor heterostructures, the Fermi level can lie in the bulk band gap if the TI is bulk insulating, for example, the compound BiSbTeSe 2 [43, 44] . This is due to the fact that the surface superconductivity of topological insulators is induced only by the proximity effect from the superconductor attached to the TI film. As we demonstrated in the model simulation, in the bulk insulating case, the Majorana states come entirely from or chemically doped materials, all potentially host nontrivial surface superconductivity and provide multiple avenues through which the implementation of CMMs with this hybrid-film based platform can be pursued.
As realistic values for some of the experimental parameters are unknown, such as the coupling T , it is difficult to precisely determine the topology of this heterostructure. Our result shows that with the proper parameters, the CMMs can be realized on the edges of the FI and that the parameters for which there exists a topologically nontrivial region can be narrowed down for future experiment. We provide an experimental recipe for confirming the observation of CMMs. First, we gradually increase the magnetic field in the z direction, while the STM tip continues to probe the edge and surface of the thin FI. Once the bulk of the FI passes through the gap closing phase, the FI surface is expected to be gapped. If the transition is topological, the gapless states on the edges should be observed by STM.
Furthermore, the CMMs can be gapped in small FIs due to the finite-size hybridization.
The existence of CMMs can be further supported by measuring the hybridization gap, which exponentially decays in magnitude as the size of the FI increases [8] . However, STM cannot distinguish CMMs and chiral electron states. Hence, a second step of measuring the transport of the FI is required. As discussed in [29] , when the FI is sandwiched between two Chern insulators, its conductance should be e 2 /2h in the presence of the single CMM.
Thus, the gapless spectrum on the edge of the FI and the measurement of e 2 /2h conductance should corroborate the presence of the CMM.
Last but not least, the chirality of the Majorana edge states is determined by the magnetization direction of the FI layer, which can be manipulated by a weak magnetic field. 
